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Abstract
The algebraic structure of the integrable mixed mKdV/sinh-Gordon model is dis-
cussed and extended to the AKNS/Lund-Regge model and to its corresponding su-
persymmetric versions. The integrability of the models is guaranteed from the zero
curvature representation and some soliton solutions are discussed.
1 Introduction
The mKdV and the sine-Gordon equations are non-linear differential equations belonging to
the same integrable hierarchy representing different time evolutions [1]. The structure of its
soliton solutions present the same functional form in terms of
ρ = ekx+k
ntn , (1.1)
which carries the space-time dependence. Solutions of different equations within the same
hierarchy differ only by the factor kntn in ρ. For instance n = 3 correspond to the mKdV
equation and n = −1 to the sinh-Gordon. For n > 0 a systematic construction of integrable
hierarchies can be solved and classified according to a decomposition of an affine Lie algebra,
Gˆ and a choice of a semi-simple constant element E (see [2] for review). Such framework
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was shown to be derived from the Riemann-Hilbert decomposition which later, was shown
to incorporate negative grade isospectral flows n < 0 [3] as well.
The mixed system
φxt =
α3
4
(
φxxxx − 6φ
2
xφxx
)
+ 2η sinh(2φ) (1.2)
is a non-linear differential equation which represents the well known mKdV equation for
η = 0 ( v = −∂xφ) and the sinh-Gordon equation for α3 = 0. It was introduced in [4]
where, employing the inverse scattering method, multi soliton solutions were constructed by
modification of time dependence in ρ. Solutions (multi soliton) were also considered in [5]
by Hirota’s method. Moreover, two-breather solution was discussed in [6] in connection with
few-optical-cycle pulses in transparent media. The soliton solutions obtained in [4], [5] and
[6] indicates integrability of the mixed model (1.2).
In this paper we consider the mixed system mKdV/sinh-Gordon (1.2) within the zero
curvature representation. We show that a systematic solution for the mixed model is obtained
by the dressing method and a specific choice of vacuum solution. Such formalism is extended
to the mixed AKNS/Lund-Regge and to its supersymmetric versions as well.
In the last section we discuss the coupling of higher positive and negative flows general-
izing the examples given previously.
2 The mixed mKdV/sinh-Gordon model
Let us consider a non-linear system composed of a mixed sinh-Gordon and mKdV equation
given by eqn. (1.2) and the following zero curvature representation,
[∂x + E
(1) + A0, ∂t +D
(3)
3 +D
(2)
3 +D
(1)
3 +D
(0)
3 +D
(−1)
3 ] = 0 (2.3)
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where E(2n+1) = λn(Eα + λE−α), A0 = vh and E±α and h are sl(2) generators satisfying
[h,E±α] = ±2E±α, [Eα, E−α] = h. According to the grading operator Q = 2λ
d
dλ
+ 1
2
h, D
(j)
3
is a graded j Lie algebra valued and eqn. (2.3) decomposes into 6 independent equations
(decomposing grade by grade):
[E,D
(3)
3 ] = 0,
[E,D
(2)
3 ] + [A0, D
(3)
3 ] + ∂xD
(3)
3 = 0,
[E,D
(1)
3 ] + [A0, D
(2)
3 ] + ∂xD
(2)
3 = 0,
[E,D
(0)
3 ] + [A0, D
(1)
3 ] + ∂xD
(1)
3 = 0,
[E,D
(−1)
3 ] + [A0, D
(0)
3 ] + ∂xD
(0)
3 − ∂tA0 = 0,
[A0, D
(−1)
3 ] + ∂xD
(−1)
3 = 0. (2.4)
where E ≡ E(1). In order to solve (2.4) let us propose
D
(3)
3 = α3
(
λEα + λ
2E−α
)
+ β3
(
λEα − λ
2E−α
)
,
D
(2)
3 = σ2λh,
D
(1)
3 = α1 (Eα + λE−α) + β1 (Eα − λE−α) ,
D
(0)
3 = σ0h. (2.5)
Substituting (2.5) in (2.4) we obtain β3 = 0, α3 = const and
β1 =
α3
2
vx, α1 = −
α3
2
v2, σ0 =
α3
4
(vxx − 2v
3), σ2 = α3v. (2.6)
In order to solve the last eqn. in (2.4) we parametrize
A0 = −∂xBB
−1 = −∂xφh, B = e
φh (2.7)
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and
D
(−1)
3 = ηBE
(−1)B−1 = ηλ−1(e2φEα + λe
−2φE−α) (2.8)
The zero grade projection in (2.4) yields the time evolution equation (1.2). Notice that in
order to solve the last eqn. (2.5) we have introduced the sinh-Gordon variable φ in (2.7) and
in (2.8) such that v = −∂xφ.
Let us now recall some basic aspects of the dressing method which provides systematic
construction of soliton solutions. The zero curvature representation implies in a pure gauge
configuration. In particular, the vacuum is obtained by setting φvac = 0 or vvac = 0 which,
when in (2.3) implies,
∂xT0T
−1
0 = E
(1), ∂tT0T
−1
0 = α3E
(3) + ηE(−1) (2.9)
and after integration
T0 = exp
(
t(α3E
(3) + ηE(−1))
)
exp
(
xE(1)
)
, E(2n+1) = λn(Eα + λE−α). (2.10)
If we identify v = −∂xφ eqn. (1.2) represents a coupling of mKdV and sinh-Gordon equations
and becomes a pure mKdV when η = 0 and pure sinh-Gordon when α3 = 0. Tracing
back those two limits from (2.6) and (2.8) it becomes clear that the sinh-Gordon limit
(η = 0) in (1.2) is responsible for the vanishing of D
(−1)
3 . On the other hand, α3 = 0 implies
D
(j)
3 = 0, j = 0, · · · 3. Inspired by the dressing method for constructing soliton solutions
of integrable hierarchies (see for instance [7]) and the fact that the n−th member of the
hierachy is associated to the time evolution parameter kni tn (n = 3 for mKdV and n = −1
for sinh-Gordon) it is natural to propose soliton solutions based on the modified space-time
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dependence
ρi = exp
(
2kix+ 2(α3k
3
i + η/ki)t
)
. (2.11)
It therefore follows that the general structure of the 1-, 2- and 3-soliton solutions is respec-
tively given by (after φ→ iφ)
φ1−sol = iln
(
1− a1ρ1
1 + a1ρ1
)
,
φ2−sol = iln
(
1− a1ρ1 − a2ρ2 + a1a2a12ρ1ρ2
1 + a1ρ1 + a2ρ2 + a1a2a12ρ1ρ2
)
,
φ3−sol = iln
(
1−
∑3
i=1 aiρi +
∑3
i<j=1 aiajaijρiρj − a1a2a3a12a13a23ρ1ρ2ρ3
1 +
∑3
i=1 aiρi +
∑3
i<j=1 aiajaijρiρj + a1a2a3a12a13a23ρ1ρ2ρ3
)
(2.12)
where a1, a2 are constants and aij = (
ki−kj
ki+kj
)2.
More general solutions (N-solitons and breathers ) were found in refs. [4], [5] and [6] with
same time dependence as in (2.11).
3 The Mixed AKNS/Lund-Regge Model
Let us consider another example involving G = sl(2) and homogeneous gradation Q =
λ d
dλ
, E(n) = λnh, E = E(1) and A0 = qEα + rE−α and the zero curvature representation
of the form
[∂x + E + A0, ∂t +D
(2)
2 +D
(1)
2 +D
(0)
2 +D
(−1)
2 ] = 0 (3.13)
According to gradation Q, propose
D
(j)
2 = λ
j (αjEα + βjE−α + σjh) , j = −1, 0, 1, 2 (3.14)
In order to find solution for (3.13) we introduce variables ψ˜ and χ˜ [8],
A0 = qEα + rE−α = −∂xBB
−1, D
(−1)
2 = ηBE
(−1)B−1, B = eχ˜E−αeφheψ˜Eα (3.15)
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which defines
q = −∂xψ˜e
2φ, r = χ˜2∂xψ˜e
2φ − ∂xχ˜ (3.16)
together with the subsidiary conditions for the non-local auxiliary field φ,
Tr
(
∂xBB
−1h
)
= ∂xφ− χ˜∂xψ˜e
2φ = 0, T r
(
B−1∂tBh
)
= ∂tφ− ψ˜∂tχ˜e
2φ = 0. (3.17)
Solution of constraints (3.17) leads to natural variables [9]
ψ = ψ˜eφ, χ = χ˜eφ. (3.18)
Inserting (3.14) into (3.13) and collecting powers of λ, we find solution in terms of non-local
fields ψ and χ
σ2 = const, β2 = α2 = 0, σ1 = 0, σ0 = −1/2σ2rq
β1 = σ2r, α1 = σ2q, α0 = −1/2σ2qx, β0 = 1/2σ2rx,
α−1 = −2ηψe
φ, β−1 = 2η(χ+ ψχ
2)e−φ, σ−1 = η(1 + 2ψχ) (3.19)
leading to the equations of motion
qt +
1
2
σ2
(
qxx − 2q
2r
)
− 2α−1 = 0,
rt −
1
2
σ2
(
rxx − 2r
2q
)
+ 2β−1 = 0, (3.20)
where q and r in variables ψ and χ reads
q = −
∂xψ
1 + ψχ
eφ r = −∂xχe
−φ. (3.21)
Equations (3.20) represent a mixed system of AKNS (for η = 0, α−1 = β−1 = 0) in variables
q, r and the relativistic Lund-Regge (for σ2 = 0) in variables ψ, χ.
∂t
(
∂xψ
∆
)
+ ψ
∂tχ∂xψ
∆2
+ 4ηψ = 0,
∂x
(
∂tχ
∆
)
+ χ
∂tχ∂xψ
∆2
+ 4ηχ = 0. (3.22)
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Again the terms proportional to α−1 and β−1 originate from the contribution of D
(−1)
2 =
ηBE(−1)B−1 in (3.13) and the vacuum configuration is obtained for ψvac = χvac = qvac =
rvac = 0. The model is now characterized by E
(n) = λnh and the vacuum solution of (3.13)
yield
T0 = exp
(
t(σ2E
(2) + ηE(−1))
)
exp
(
xE(1)
)
. (3.23)
and therefore the space-time dependence in ρi comes in the form
ρi = exp
(
2kix+ 2(σ2k
2
i + η/ki)t
)
. (3.24)
We have checked the solution for the composite model (3.20) to agree with the functional
form of the one proposed in ref. [9] with modified space-time dependence given by (3.24),
i.e.,
ψ =
bρ−12
1 + k1
k2
Γρ1ρ
−1
2
, χ =
aρ1
1 + k1
k2
Γρ1ρ
−1
2
, e−φ =
1 + k1
k2
Γρ1ρ
−1
2
1 + Γρ1ρ
−1
2
(3.25)
where a and b are constants, Γ =
abk22
(k1−k2)2
. In terms of AKNS field variables, from (3.21) we
find
r = −
2ak1ρ1
1 + abk1k2
(k1−k2)2
ρ1ρ
−1
2
, q =
2bk2ρ
−1
2
1 + abk1k2
(k1−k2)2
ρ1ρ
−1
2
. (3.26)
4 The Supersymmetric mKdV/Sinh-Gordon Model
Following the same line of reasoning, we now consider algebraic structures with half integer
gradation [10]. Let G = sl(2, 1), Q = 2λ d
dλ
+ 1
2
h and E(1) = λ1/2(h1 + 2h2)− (Eα1 + λE−α1).
The graded structure can be decomposed as follows (see appendix of ref. [11]) for instance),
KBose = {K
(2n+1)
1 = −(E
(n)
α1 + E
(n+1)
−α1 ), K
(2n+1)
2 = µ2 ·H
(n+1/2)},
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MBose = {M
(2n+1)
1 = −E
(n)
α1
+ E
(n+1)
−α1 , M
(2n)
2 = h
(n)
1 = α1 ·H
(n)},
KFermi = {F
(2n+3/2)
1 = (E
(n+1/2)
α1+α2 − E
(n+1)
α2
) + (E
(n+1)
−α1−α2 − E
(n+1/2)
−α2 ),
F
(2n+1/2)
2 = −(E
(n)
α1+α2 − E
(n+1/2)
α2
) + (E
(n+1/2)
−α1−α2 −E
(n)
−α2)},
MFermi = {G
(2n+1/2)
1 = (E
(n)
α1+α2 + E
(n+1/2)
α2
) + (E
(n+1/2)
−α1−α2 + E
(n)
−α2),
G
(2n+3/2)
2 = −(E
(n+1/2)
α1+α2 + E
(n+1)
α2
) + (E
(n+1)
−α1−α2 + E
(n+1/2)
−α2 )}, (4.27)
where we have denoted E
(n)
±α = λ
nE±α and H
(n) = λnH and αi, µi, i = 1, 2 are respectively
the simple roots and fundamental weights of sl(2, 1). In (4.27) we have denoted K = Kbose ∪
KFermi to be the Kernel of E
(1), i.e., [E(1),K] = 0 and M is its complement. The Lax
operator is constructed as
L = ∂x + E
(1) + A1/2 + A0, A0 = vM
(0)
2 , A1/2 = ψ¯G
(1/2)
1 . (4.28)
and the zero curvature representation reads
[∂x + E
(1) + A1/2 + A0, ∂t +D
(3)
3 +D
(5/2)
3 + · · ·+D
(−1/2)
3 +D
(−1)
3 ] = 0 (4.29)
In order to solve for the lowest grades −1,−1/2 of eqn. (4.29) we introduce the parametriza-
tion
D
(−1)
3 = ηBE
(−1)B−1, A0 = −∂xBB
−1, B = eφM
(0)
2 (4.30)
together with the change of variables
D
(−1/2)
3 = Bj−1/2B
−1, j−1/2 = ψG
(−1/2)
2 (4.31)
Propose solution of the form
D
(3)
3 = α3
(
h
(3/2)
1 + 2h
(3/2)
2 −E
(1)
α1 −E
(2)
−α1
)
,
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D
(0)
3 = α1M
(0)
2 ,
D
(1/2)
3 = β1G
(1/2)
1 + β2F
(1/2)
2 ,
D
(1)
3 = σ1M
(1)
1 + σ2K
(1)
1 + σ3K
(1)
2 ,
D
(3/2)
3 = δ1G
(3/2)
2 + δ2F
(3/2)
1 ,
D
(2)
3 = µ1M
(2)
2 , (4.32)
D
(5/2)
3 = ν1G
(5/2)
1 + ν2F
(5/2)
2 ,
D
(−1/2)
3 = β−1G
(−1/2)
1 + β−2F
(−1/2)
1 ,
D
(−1)
3 = σ−1M
(−1)
1 + σ−2K
(−1)
1 + σ−3K
(−1)
2 .
where the coeffcients are given by
α1 =
1
4
∂2xv +
3
4
vψ¯∂xψ¯ −
1
2
v3, β1 =
1
4
∂2xψ¯ −
1
2
v2ψ¯, β2 =
1
4
(v∂xψ¯ − ψ¯∂xv),
σ1 =
1
2
∂xv, σ2 =
1
2
(ψ¯∂xψ¯ − v
2), σ3 = −
1
2
ψ¯∂xψ δ1 = −
1
2
∂xψ¯, δ2 = −
1
2
vψ¯,
µ1 = v, ν1 = ψ¯, ν2 = 0, β−1 = ψ coshφ, β−2 = −ψ sinh φ,
σ−1 = η sinh 2φ, σ−2 = η cosh 2φ, σ−3 = η (4.33)
where α3 and η are arbitrary constants. The equations of motion are given by grades 0,±1/2
projections of (4.29), i.e.,
∂t∂xφ =
α3
4
[
∂4xφ− 6(∂xφ)
2∂2xφ+ 3ψ¯∂x(∂xφ∂xψ¯)
]
+ 2η
[
sinh(2φ) + ψ¯ψ sinh(φ)
]
,
∂t3 ψ¯ =
α3
4
[
∂3xψ¯ − 3∂xφ∂x(∂xφψ¯)
]
+ 2ηψ cosh(φ),
∂xψ = 2ψ¯ cosh(φ). (4.34)
Observe that for η = 0 eqns. (4.34) corresponds to the N = 1 super mKdV equation if we
identify v = −∂xφ and for α3 = 0 they correspond to the N = 1 super sinh-Gordon.
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The soliton solutions are parametrized in terms of tau functions as
φ = ln
(
τ1
τ0
)
, ψ¯ =
τ3
τ1
+
τ2
τ0
(4.35)
The one-soliton solution for the N = 1 super sinh-Gordon and mKdV equations is given by
τ0 = 1−
1
2
b1ρ1, τ1 = 1 +
1
2
b1ρ1,
τ2 = c1k2ρ
−1
2 + b1c1σ1,2ρ1ρ
−1
2 , τ3 = c1k2ρ
−1
2 − b1c1σ1,2ρ1ρ
−1
2 , (4.36)
where σ1,2 =
1
2
k2
(k1+k2)
(k1−k2)
, b1, c1 are bosonic and grassmaniann constants respectively and ρi
carries the space-time dependence for the sinh-Gordon and mKdV respectively,
ρmKdVi = exp
(
2kix+ 2(α3k
3
i )t
)
, ρs−Gi = exp
(
2kix+ 2(
η
ki
)t
)
(4.37)
Notice however that the introduction of the D
(−1/2)
−1 and D
(−1)
−1 terms changes the vacuum
configuration such that
T0 = exp(xE
(1)) exp(α3E
(3) + ηE(−1))t) (4.38)
which induces modification in the space-time dependence of eqns. (4.34) as
ρi = exp (2kix) exp
(
2(α3k
3
i +
η
ki
)t
)
. (4.39)
In fact we have verified explicitly that (4.36) with (4.39) satisfies the equations of motion
(4.34). The same was verified for the two soliton solution
τ0 = 1−
1
2
b1ρ1 −
1
2
b2ρ2 + b1b2ρ1ρ2α1,2
+ c1c2ρ
−1
3 ρ
−1
4 (β3,4 − b1ρ1δ1,3,4 − b2ρ2δ2,3,4 + b1b2ρ1ρ2θ1,2,3,4),
τ1 = 1 +
1
2
b1ρ1 +
1
2
b2ρ2 + b1b2ρ1ρ2α1,2
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+ c1c2ρ
−1
3 ρ
−1
4 (β3,4 + b1ρ1δ1,3,4 + b2ρ2δ2,3,4 + b1b2ρ1ρ2θ1,2,3,4),
τ2 = c1ρ
−1
3 (k3 + b1ρ1σ1,3 + b2ρ2σ2,3 + b1b2ρ1ρ2λ1,2,3)
+ c2ρ
−1
4 (k4 + b1ρ1σ1,4 + b2ρ2σ2,4 + b1b2ρ1ρ2λ1,2,4) ,
τ3 = c1ρ
−1
3 (k3 − b1ρ1σ1,3 − b2ρ2σ2,3 + b1b2ρ1ρ2λ1,2,3)
+ c2ρ
−1
4 (k4 − b1ρ1σ1,4 − b2ρ2σ2,4 + b1b2ρ1ρ2λ1,2,4) , (4.40)
where
α1,2 =
1
4
(k1 − k2)
2
(k1 + k2)2
,
β3,4 = k3k4
(k3 − k4)
(k3 + k4)2
,
δj,3,4 =
k3k4
2
(k3 − k4)
(k3 + k4)2
(kj + k3)
(kj − k3)
(kj + k4)
(kj − k4)
(j = 1, 2),
σj,k =
kk
2
(kj + kk)
(kj − kk)
(j = 1, 2) (k = 3, 4),
λ1,2,j =
kj
4
(k1 − k2)
2
(k1 + k2)2
(k1 + kj)
(k1 − kj)
(k2 + kj)
(k2 − kj)
, (j = 3, 4),
θ1,2,3,4 =
k3k4
4
(k1 − k2)
2
(k1 + k2)2
(k1 + k3)
(k1 − k3)
(k2 + k3)
(k2 − k3)
(k3 − k4)
(k3 + k4)2
(k1 + k4)
(k1 − k4)
(k2 + k4)
(k2 − k4)
,
(4.41)
b1, b2 are bosonic constants and c1, c2 are Grassmaniann constants with ρi given by (4.39).
5 The Supersymmetric Lund-Regge/AKNS model
In this section we consider the Lie superalgebra G = sl(2, 1) with homogeneous gradation,
Q = λ d
dλ
and (see for instance [12])
E(n) = (α1 + α2) ·H
(n), α1, α2 are simple roots of sl(2, 1). (5.42)
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The Lax operator is then
L = ∂x + E
(1) + A0, A0 = b1Eα1 + b¯1E−α1 + F1Eα2 + F¯1E−α2 (5.43)
We search for solution of
[∂x + E
(1) + A0, ∂t +D
(2)
2 +D
(1)
2 +D
(0)
2 +D
(−1)
2 ] = 0 (5.44)
Decomposing (5.44) grade by grade, we find
D
(2)
2 = a2λ
2α1 ·H,
D
(1)
2 = g1λEα1 +m1λE−α1 + n1λE−α2 + o1λEα2
D
(0)
2M = g0Eα1 +m0E−α1 + n0E−α2 + o0Eα2 ,
D
(0)
2K = a0α1 ·H + c0α2 ·H + d0Eα1+α2 + e0E−α1−α2 . (5.45)
where D
(0)
2 = D
(0)
2M +D
(0)
2K and
g1 = a2b1 m1 = a2b¯1, o1 = a2F1, n1 = a2F¯1,
g0 = a2∂xb1, m0 = −a2∂xb¯1, n0 = a2∂xF¯1, o0 = −a2∂xF1,
d0 = −a2F1b1, e0 = −a2F¯1b¯1, a0 = −a2b1b¯1, c0 = −a2(b1b¯1 + F1F¯1)
In order to solve the grade −1 projection of eqn. (5.44) we introduce the sl(2, 1) variables
[12] as
A0 = −∂xBB
−1 = b1Eα1 + b¯1E−α1 + F1Eα2 + F¯1E−α2 , (5.46)
where
B = eχ˜E−α1ef˜1E−α1−α2ef˜2Eα2eϕ1(α1+α2)·H−ϕ2α2·Heg˜2E−α2eg˜1Eα1+α2eψ˜Eα1 (5.47)
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and
D
(−1)
2M = ηBE
(−1)B−1 = −ηψe
1
2
(φ1+φ2)λ−1Eα1 + ηf2(1 + ψχ)e
−
1
2
φ1λ−1Eα2 ,
+ η(χ+ f1f2 + ψχ
2 + ψχf1f2)e
−
1
2
(φ1+φ2)λ−1E−α1
− η(g2 + ψf1)e
1
2
φ1λ−1E−α2 (5.48)
written in the natural variables
ψ˜ = ψe−
ϕ1+ϕ2
2 , g˜1 = g1e
−
ϕ2
2 , f˜1 = f1e
−
ϕ2
2
χ˜ = χe−
ϕ1+ϕ2
2 , g˜2 = g2e
−
ϕ1
2 , f˜2 = f2e
−
ϕ1
2 . (5.49)
Here, ψ, χ, ϕi, i = 1, 2 and fi, gi, i = 1, 2 are bosonic and fermionic fields respectively. The
absence of Cartan subalgebra h1, h2 and E±(α1+α2) (i.e. in K) in the r.h.s. of (5.46) leads to
the following subsidiary constraints
∂tf1 =
1
2
f1∂tϕ2 + g2[∂tχ−
1
2
χ(∂tϕ1 + ∂tϕ2)],
∂tg1 = ψ∂tf2 +
1
2
g1∂tϕ2 −
1
2
ψf2∂tϕ1,
∂xf1 = χ∂xg2 +
1
2
f1∂xϕ2 −
1
2
χg2∂xϕ1,
∂xg1 =
1
2
g1∂xϕ2 + f2[∂xψ −
1
2
ψ(∂xϕ1 + ∂xϕ2)],
∂tϕ1 =
ψ[∂tχ(1 + g2f2) +
1
2
χg2∂tf2]
1 + ψχ(1 + 5
4
g2f2)
,
∂tϕ2 =
ψ∂tχ(1 +
3
2
g2f2)− g2∂tf2 −
1
2
ψχg2∂tf2
1 + ψχ(1 + 5
4
g2f2)
,
∂xϕ1 =
χ[∂xψ(1 + g2f2) +
1
2
ψ∂xg2f2]
1 + ψχ(1 + 5
4
g2f2)
,
∂xϕ2 =
χ∂xψ(1 +
3
2
g2f2) + (
1
2
ψχ+ 1)f2∂xg2
1 + ψχ(1 + 5
4
g2f2)
. (5.50)
Moreover eqn. (5.46) yields
b¯1 = J¯−α1 = −
e
1
2
(ϕ1+ϕ2)
1 + f2g2
(
∂xψ −
1
2
ψ(∂xϕ1 + ∂xϕ2)
)
,
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F1 = J¯−α2 = −e
−
1
2
ϕ1
(
∂xf2 +
1
2
f2∂xϕ1
)
,
b1 = −e
−
1
2
(ϕ1+ϕ2)
(
∂xχ+
1
2
χ(∂xϕ1 + ∂xϕ2)− χf2∂xg2 −
1
2
χ∂xϕ1g2f2 − e
1
2
ϕ1f1J¯−α2
+ χ2e−
1
2
(ϕ1−ϕ2)J¯−α1
)
,
F¯1 = −e
1
2
ϕ1
(
∂xg2 −
1
2
g2∂xϕ1 + e
−
1
2
(ϕ1−ϕ2)f1J¯−α1
)
(5.51)
Solving the zero grade component of (5.44), we find the equations of motion,
∂t2b1 + a2
(
∂2xb1 − 2
(
b1b¯1 + F1F¯1
)
b1
)
+m−1 = 0,
∂t2 b¯1 − a2
(
∂2x b¯1 − 2
(
b1b¯1 + F1F¯1
)
b¯1
)
− g−1 = 0,
∂t2F1 − a2(∂
2
xF1 − 2b1b¯1F1)− n−1 = 0,
∂t2 F¯1 + a2(∂
2
xF¯1 − 2b1b¯1F¯1) + o−3 = 0, (5.52)
where
g−1 = −ηψe
1
2
(φ1+φ2), (5.53)
m−1 = η(χ+ f1f2 + ψχf1f2 + χf2g2 + ψχ
2)e−
1
2
(φ1+φ2),
n−1 = −η(g2 + ψf1)e
1
2
φ1,
o−1 = ηf2(1 + ψχ)e
−
1
2
φ1 (5.54)
Following the same argument as in the pure bosonic case, the vacuum configuration is
obtained from
T0 = exp(xE
(1)) exp
(
(α2E
(2) + ηE(−1))t
)
(5.55)
which leads to space-time dependence
ρi = exp (kix) exp
(
−(α2k
2
i +
η
ki
)t
)
. (5.56)
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Following the soliton solutions for the Lund-Regge model obtained in [12] we have verified
solutions for eqns. (5.52) to be
b1 =
k1ρ
−1
1
τ0
, b¯1 = −
k2ρ2
τ0
, F1 = −a2
k2ρ2
τ0
, F¯1 = a1
k1ρ
−1
1
τ0
,
ψ =
ρ1
τ0

1− bk1ρ−11 ρ2
2(k1 − k2)(1 +
k1
k2
ρ−11 ρ2)

 , χ = ρ2
τ0

1− bk2ρ−11 ρ2
2(k1 − k2)(1 +
k1
k2
ρ−11 ρ2)

 ,
g1 = a2
k1ρ
−1
1 ρ2
(k1 − k2)τ0
e−
1
2
φ1 , f1 = a1
k1ρ
−1
1 ρ2
(k1 − k2)τ0
e−
1
2
φ1 , g2 = a1
ρ−11
τ0
e−
1
2
φ2, f2 = a2
ρ2
τ0
e−
1
2
φ2,
e
1
2
(φ1+φ2) =
1 + a3ρ1ρ2
τ0
, e
1
2
(φ1−φ2) =
1 + a¯3ρ
−1
1 ρ2
τ0
, (5.57)
where a1, a2 and b are Grassmaniann and bosonic constants respectively, ρi, i = 1, 2 are given
by (5.56) and
a3 =
k1
k2
Γ0(1− b
(k1 + k2)
2k1
), a¯3 = Γ0(1 + b
(k1 − 3k2)
2k2
),
Γ = (1− a1a2)Γ0, Γ0 =
k1k2
(k1 − k2)2
, τ0 = 1 + Γρ
−1
1 ρ2. (5.58)
6 General Case
We now consider a mixed hierarchy associated to a general affine Lie algebra Gˆ = ⊕Gi,
[Q,Gi] = iGi and constant grade one semi-simple element E such that Gˆ =M⊕K, [E,K] = 0
with the symmetric space structure,
[K,K] ⊂ K, [K,M] ⊂M, [M,M] ⊂ K. (6.59)
with equations of motion involving time evolution with two indices, tn,m defined from the
zero curvature representation
[∂x + E + A0, ∂tn,m +D
(n) +D(n−1) + · · ·D(0) +D(−1) + · · ·D(−m+1) +D(−m)] = 0. (6.60)
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Eqn. (6.67) leads to
[E,D(n)] = 0 (6.61)
[E,D(n−1)] + [A0, D
(n)] + ∂xD
(n) = 0 (6.62)
...
[E,D(n−i)] + [A0, D
(n−i+1)] + ∂xD
(n−i+1) = 0 (6.63)
...
[E,D(−1)] + [A0, D
(0)] + ∂xD
(0) − ∂tn,mA0 = 0 (6.64)
[E,D(−2)] + [A0, D
(−1)] + ∂xD
(−1) = 0 (6.65)
...
[E,D(−j−1)] + [A0, D
(−j)] + ∂xD
(−j) = 0 (6.66)
...
[A0, D
(−m)] + ∂xD
(−m) = 0 (6.67)
In order to solve eqns. (6.61)-(6.67) we have to start from both ends, i.e. from (6.61) towards
(6.64) , using the symmetric space structure (6.59), we project each eqn. into K and M
subspaces to obtain D
(i)
K , i = 1, · · ·n and D
(i)
M, i = 0 · · ·n. On the other hand, starting from
(6.67) upwards, we find solution for D
(−j)
K and D
(−j)
M , j = 1 · · ·m which is non-local in the
fields in A0. For the particular case when m = 1, we have seen that there is a set of variables
within a group element B that solves (6.67) locally for m = 1.
Inserting D(−1) in (6.64) and projecting in K we find D
(0)
K which in turn determines the
time evolution as the projection of (6.64) inM. Following the same arguments given before,
16
the space-time dependence of such generalized mixed model will be of the form
ρi = exp(kix) exp
(
(αik
n
i + ηk
−m
i )t
)
(6.68)
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